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ties, friction, and indenter angle. The results are discussed in terms of ways to estimate mechanical prop-
erties of thin films more precisely through nanoindentation.
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creativecommons.org/licenses/by/4.0/).Introduction However, the sharper indenter displaces a much larger volumeOver the past three decades, indentation testing has been
widely used to measure the mechanical properties of film materi-
als such as films and coatings [1]. Indentation has proved to be suc-
cessful in obtaining mechanical properties such as hardness and
elastic modulus by Doerner and Nix [2], Oliver and Pharr [3], Ma
et al. [1,4,5] and Cheng and Cheng [6].
For rigid-perfectly plastic materials, it is known that the inden-
tation hardness H is directly related to the yield stress ry through
H = 3ry, which is obtained from the slip line field theory. Based on
Hill’s solution for the quasi-static expansion of an internally pres-
surized spherical shell of an elastic-perfectly plastic material [7],
expanding cavity models (ECMs) have been developed to describe
indentation responses of various materials [8,9]. In Johnson’s ECM
[10], the indenter was assumed to be encapsulated by a hemi-
spherical hydrostatic core. Thereby, finite element simulations
have been used to study indentation deformations of strain–hard-
ening materials induced by a sharp indenter [11,12]. Gao et al. [13]
derived analytical results for the hardness of elastic–plastic solids
with particular hardening characteristics (linear-hardening and
power-hardening). Ma et al. [4,14] proposed a new set of dimen-
sionless functions, by introducing a ratio of the additional residual
area to the area of a profile indenter, to characterize stress–strain
relationships of elastoplastic materials.of material for a given load (the value of cube-corner is more than
three times that of the Berkovich indenter) and thus produces
higher stresses beneath the indenter [15]. For example, Bucaille
et al. [16] studied, based on a finite element analysis on elasto-
plastic materials, the influence of the included angle of conical
indenters (70.3, 60, 50 and 42.3) and the friction coefficient
on the force penetration curves. Jang and Pharr [17] systematically
explored the influence of indenter angle on the nanoindentation
cracking behavior of single crystal Si and Ge through nanoindenta-
tion experiments with a series of triangular pyramidal indenters
with different centerline-to-face angles. Thus, it is very important
to understand the dependency of indenter angles on the mechan-
ical properties of smart materials.
With this in mind, here the influence of the indenter angle (i.e.
indenter sharpness) on indentation behaviors is explored by con-
ducting a series of nanoindentation simulations with a series of tri-
angular pyramidal indenters with different centerline-to-face
angles in the range 30–80. Furthermore, frictional effects on sharp
indentation of strain hardening solids are also examined in this
paper.Material model and dimensional analysis
Material model
A fairly good approximation is power-law work-hardening for
metallic materials and the stress–strain curves under uniaxial ten-
sion are assumed to be given by
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Here, ry is the initial yield stress, n the work hardening
exponent, E the material Young’s modulus, and m Poisson’s ratio,
respectively. When n is zero, Eq. (1) becomes the model for
elastic-perfectly plastic solids. For most metals, n has a value
between 0.1 and 0.5 [18].
Dimensional analysis
We choose the force on the indenter, F, and the indenter dis-
placement, h, as two dependent variables [19]. The mechanicalFig. 1. The geometry shape of three indenters, conical, Berkvich and cube corner.
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Fig. 2. Load–displacement curves with different work hardening exponent n.properties of materials, Young’s modulus (E), Poisson’s ratio (m),
initial yield strength (ry), and work-hardening exponent (n), are
independent parameters. The indenter half angle (h) characterizing
the indenter geometry and the friction coefficient (l) between the
indenter and material surface are also independent parameters.
After identifying all the independent variables and parameters,
we have a general expression for the loading curve,
F ¼ FðE; m;ry;n;h; h;lÞ; ð2Þ
We modify the method of Cheng and Cheng [20] by considering
the friction coefficient effect, and the contact depth is a function of
all independent parameters,
hc ¼ hcðE; m;ry;n; h; h;lÞ; ð3Þ
The dimension of ry, n, h, l, F, and hc are then given by
½ry ¼ ½E;
½n ¼ ½E0½h0;
½l ¼ ½E0½h0;
½F ¼ ½E½h2;
½hc ¼ ½E0½h1:
ð4ÞRecord loading-unloading curves 
Residual 
profile by 
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Oliver-Pharr method Residual measurement using top point 
as contact boundary 
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reduced elastic modulus 
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Fig. 4. Flow chart describing a methodology for obtaining hardness and elastic
modulus by instrumented indentation and surface profile measurements.
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Fig. 3. Indentation profiles at the maximum indentation displacement.
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and (3) can be reduced to
F
Eh2
¼ Pa ryE ; m;n;l; h
 
; ð5Þ
hc
h
¼ Pb ryE ; m;n;l; h
 
; ð6Þ
Furthermore, the relationship between hardness H and other
parameters (E, m, ry, n, h, and l) can be obtained,
H
ry
¼ cot
2h
pðry=EÞPc
ry
E
; m;n;l; h
 
: ð7Þ
here
Pc ¼ Pa
P2b
; ð8Þ
It should be noted that hardness and elastic modulus can be
obtained from the method by Dao et al. [21] once the residual
indentation depth, hr, the load, P, and the initial unloading slope,
dPu
dh

hm
, are known from the load–displacement curves. In order to
simplify the analytical model, we extract H and E by Oliver and
Pharr method [3], and simultaneously revise the area function by
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(b) Finite element model
The commercial available ABAQUS STANDARD [22] finite ele-
ment solver is used to conduct the analysis. An axisymmetric,
two dimensional model has been adopted here and a total of
9100 four-node bilinear axisymmetry elements were used to
model the semi-infinite substrate of the indented solid. The inden-
ter is assumed by a perfectly rigid sharp tip. In the simulation, the
model assumed isotropic power-law strain hardening, the yield
criterion was that of von Mises and large deformation formulations
were included. It is also recommended that at least 20 elements
should be in contact with the associated indenter at the maximum
loading situation for accuracy consideration based on our study.
The boundary conditions are that the specimen cannot move in
vertical direction but it can freely slide or deform in horizontal
direction. In addition, the Poisson’s ratio m is not an important fac-
tor in the indentation experiment, and for most engineering mate-
rials m  0.3 [23,24]. In order to simulate elastic–plastic properties
of metals, the elastic modulus E ranges from 30 to 300 GPa, the
yield strength ry is from 30 to 3000 MPa, and the strain hardening
exponent n is from 0 to 0.5. Three rigid conical indenters were used
in this study, with included angles of 30, 42.3 and 70.3 in Fig 1.
The 42.3 and 70.3 indenters correspond to the axisymmetric
equivalent cones, of displaced volume for a given penetration, of
the cube corner and the Berkovich (or Vickers) pyramid,
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Fig. 5. The friction effect on the dimensionless function Pa for different indenters
(a) 70.3 and (b) 30.Results and discussion
Load–displacement curves
Numerical results of load-depth curves for Berkovich indenta-
tion are given in Fig. 2. The work hardening exponent n varies from
0 to 0.5 with ry=E fixed at 0.004. In all cases, the load, F, scales with
h2 during loading procedure. As shown in Fig. 2, for given elastic
modulus and yield strength, the larger the hardening n, the larger
the indentation load. It is clear that there is a significant influence
of contact friction on the pile-up behavior in Fig. 3. The pile-up dis-
placement increases with the decreasing friction coefficient forgiven ry=E = 0.001 and n = 0. This behavior can affect the contact
area and further overrate the hardness and elastic modulus.
As shown in Fig. 4, we follow a method developed by Li et al.
[25] that consists of imaging surface profiles, measuring load–dis-
placement curves and circumventing the problem of pile-up to
obtain the elastic modules and hardness.
Friction effect
As shown in Fig. 5(a), there is a slight influence of friction coef-
ficient on dimensionless function Pa for n = 0 and h = 70.3. How-
ever, from Fig. 5 (b), we can see clearly that Pa varies
significantly with increasing ry=E for different friction coefficient
l for n = 0 and h = 30. Hence, the smaller indenter angle, the larger
friction effect. These results agree well with the theory of Bucaille
et al. [16],
F ¼ ppa2 1þ l
tan h
 
; ð9Þ
where a is the contact radius. When l = 0, the contact pressure p
becomes
p ¼ F
pa2
: ð10Þ
0.0 0.5 1.0 1.5 2.0
0
100
200
300
400
500
600
F 
/ m
N
h / μm
θ = 70.32°
θ = 68°
θ = 50°
θ = 45°
Fig. 7. Load–displacement curves with different indenter angles without friction.
512 Y. Wang / Results in Physics 6 (2016) 509–514The larger the indenter angle h in Eq. (9), the smaller the ratio of
l/tanh. Therefore, the effect of friction on the normal force of
Berkovich and Vickers indentation can be neglected because of
their big indenter angles. The effects of friction coefficient for
elastic-perfectly plastic materials on the dimensionless function
Pb for h = 70.3 and 30 are shown in Fig. 6. There are no effects
nearly of different friction coefficients ranging from 0 to 0.2 on
Pb for h = 70.3 as shown in Fig. 6(a); However for h = 30, the great
influence of friction can be found in Fig. 6 (b). Hence, the friction
effect is omitted in the extracting the mechanical properties for
the large indenter of 70.3.
Indenter angle effect
The indenter shape has an important effect in measuring the
mechanical properties of materials [26,27]. Though researchers
have done much work in this filed, there are only few articles in
extracting mechanical properties of smart materials with different
indenters (only focusing on h = 70.3 mostly). Due to the impor-)d()a(
(b) 
)f()c(
(e) 
=0 
=0.2 
=0.6 
Fig. 6. The friction effects on the dimensionless function Pb for different indenters (a–c) 70.3 and (d–f) 30.
Y. Wang / Results in Physics 6 (2016) 509–514 513tance of other indenters (such as h = 30, 42.3 and 68 etc.) in engi-
neering applications, we simulate the load–displacement curves
for ry=E = 0.004 and n = 0.1 with different indenter angles without
friction, as shown in Fig. 7. For the given ry=E, n and l, the normal
force F increases significantly with increasing indenter angle h for
the same maximum indention depth h = 2 lm. Fig. 8 shows the
influence of the indenter angle on the dimensionless functions
Pa,Pb and H/ry for ry=E = 0.004, n = 0.1 and l = 0. The dimension-
less function Pa increases from 0.05727 to 1.8395 with the
increasing indenter angle from 30 to 80, as shown in Fig. 8(a).
Fig. 8(b) shows that both the dimensionless function Pb and the
displacement, s, of pile-up/sink-in decrease when increasing30 40 50 60 70 80
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Fig. 8. Influence of the indenter angle on the dimensionless functions (a)Pa , (b)Pb
and (c) H/ry.indenter angle. In Fig. 8(c), the values of hardness, H, and the ratio,
ry=E, increase from 0.50 to 21.26 GPa and from 0.62 to 26.58 with
the increasing indenter angle from 30 to 80, respectively. The
results disclose the indentation hardness depends on the sharpness
of the indenter: the sharper the indenter, the larger the hardness,
which are consistent with the theoretical analysis [13], experi-
ments [28] and computations [29].
Conclusions
We have studied the influence of the indenter angle and friction
on the determination of the mechanical behavior of film materials
and shown that friction has no significant influence on the normal
force for included angles 70.3. For the equivalent cone of the cube
corner, there is a strong influence of friction effect while for the
equivalent cone of the Berkovich pyramid, the friction effect can
be neglected.
Lastly, it should be emphasized that the rigid indenter is
assumed by a perfectly sharp tip and any residual stress effect isn’t
taken into account in the current analysis. More studies should be
also extended to understand the loading rate sensitivity [30],
indentation size effect [31] and substrate effect [32,33].
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